A Lojasiewicz-type estimate is a powerful tool in studying the rigidity properties of the harmonic map heat flow. Topping proved such an estimate using the Riesz potential method, and established various uniformity properties of the harmonic map heat flow from S 2 to S 2 (J. Differential Geom. 45 (1997), 593-610). In this note, using an inequality due to Sobolev, we will derive the same estimate for maps from S 2 to a compact Kähler manifold N with nonnegative holomorphic bisectional curvature, and use it to establish the uniformity properties of the harmonic map heat flow from S 2 to N , which generalizes Topping's result.
Introduction
In the harmonic map heat flow, i.e. the negative gradient flow of the energy functional, the map φ between two Riemannian manifolds evolves according to
where T (φ) is the tension field of φ (cf.
[2], [10]). In [11] Topping established various uniformity properties of the harmonic map heat flow between 2-spheres. It is interesting to see if such kind of properties hold for other manifolds. In this note we show that his result can be generalized for flow from S 2 to compact Kähler manifolds with nonnegative holomorphic bisectional curvature. By Mok [5] , manifolds with positive holomorphic bisectional curvature are biholomorphic to the complex projective space or an irreducible Hermitian symmetric space of rank≥2, provided they are simply connected and their second Betti number is one. CP n , in particular S 2 , and the torus are basic examples of manifolds with nonnegative holomorphic bisectional curvature.
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Recall that the key step in [11] is to get a Lojasiewicz-type estimate ensuring the exponential decay of the∂-energy. To derive the estimate he identified S 2 with the complex plane C via the stereographic projection, so that the Riesz potential comes into play. This trick does not work generally, but we find that the same estimate still holds when the targets are Kähler manifolds with nonnegative holomorphic bisectional curvature.
An interesting point of this note is that we use an inequality due to Sobolev to derive the Lojasiewicz-type estimate (see Section 3 below), which implies the uniformity properties of the harmonic map heat flow according to Topping [11] (see Section 4 below).
So far we do not know if such an estimate still holds for maps between other Kähler manifolds. The following question may be instructive: does any harmonic map between Kähler manifolds with sufficiently small∂-energy have to be holomorphic? If one believes that the energies of harmonic maps between analytic manifolds are isolated, this must be true.
Topping derived another kind of uniformity properties of the harmonic map heat flow in [12] . How to find its analogy between other manifolds is another challenge.
As in [4], how to find holomorphic spheres in Kähler manifolds via the harmonic map heat flow remains an interesting problem. Note that the key step in [9] to prove the Frankel conjecture is to find a holomorphic sphere in a suitable homotopy class. Unfortunately our convergence result need to preassume the existence of a holomorphic sphere (see Corollary 4.4 below). A successful approach without preassuming the existence of a holomorphic sphere may lead to another proof of the Frankel conjecture.
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Notation and preliminaries
In this section, we clarify some notation used in this note. Let (Σ, g) be a closed Riemannian surface, and (N, h, J) be a compact Kähler manifold, where h is the Kähler metric, and J is the natural complex structure. Denote the Gaussian curvature of Σ by K Σ , and the Riemannian curvature tensor of N by R.
Let φ : Σ→N be a smooth map. We write dφ for the real differential of φ and ∂φ : T 1,0 Σ −→ T 1,0 N and∂φ : T 1,0 Σ −→ T 0,1 N for the corresponding components of the complexification of dφ.
